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ON X-RIGIDITY OF GROUPS OF ORDER p6
PRADEEP K. RAI AND MANOJ K. YADAV
Abstract. Let G be a group and Outc(G) be the group of its class-preserving outer auto-
morphisms. We compute |Outc(G)| for all the group G of order p6, where p is an odd prime.
As an application, we observe that if G is a X-rigid group of order p6, then it’s Bogomolov
multiplier B0(G) is zero.
1. Introduction
Let G be a group which acts on itself by conjugation, and let H1(G,G) be the first cohomology
pointed set. Denote by X(G) the subset of H1(G,G) consisting of the cohomology classes
becoming trivial after restricting to every cyclic subgroup of G. The set X(G), for a given
group G, is called the Shafarevich-Tate set of G. Following Kunyavski˘ı [20], we say that G is a
X-rigid group if the set X(G) consists of one element. Throughout the paper X-rigid groups
will be called rigid groups. The Bogomolov multiplier B0(G) of a finite group G is defined as the
subgroup of the Schur multiplier consisting of the cohomology classes vanishing after restriction
to all abelian subgroups of G. See [20] for further details on rigidity and Bogomolov multiplier
of certain groups, and eventual ties between them. Kang and Kunyavski˘ı in [16] observed that
B0(G) = 0 for most of the known classes of finite X-rigid groups G, and asked the following
question:
Question([16, Question 3.2]). Let G be a finite X-rigid group. Is it true that B0(G) = 0?
This question has an affirmative answer for all p-groups of order at most p5. For p-groups
of order ≤ p4, it is proved in [16], and for groups of order p5, p > 3, it follows from [22] and
[31]. For p = 2, 3, it can be easily verified using GAP [9]. However this question does not have
a positive solution in general (negative answer for a group of order 256 is provided in the paper
[16] itself), it is interesting to explore for which classes of groups it has a positive solution. This
paper is devoted to studying the rigidity property of groups of order p6 for an odd prime p
and answering the above question in affirmative for the class of groups considered here. Our
viewpoint on this study is a bit different. We study rigidity problem through automorphisms
of groups. We make it more precise here. For a finite group G, an automorphism of G is called
(conjugacy) class-preserving if it maps each element of G to some conjugate of it. The set
of all class-preserving automorphisms of G, denoted by Autc(G), forms a normal subgroup of
Aut(G) and contains Inn(G), the group of all inner automorphisms of G. Let Outc(G) denote
the quotient group Autc(G)/Inn(G). Then there is a bijection between Outc(G) and X(G) for
any finite group G [23, 2.12]. Therefore a finite group G is X-rigid if and only if Outc(G) = 1.
Both approaches, i.e., through the Shafarevich-Tate sets (cf. [17, 24, 25]) as well as Outc(G) (cf.
[8, 12, 18, 19, 31]), have been explored by many mathematicians studying the rigidity of various
classes of groups. As mentioned above, in the present paper we take the latter approach.
Groups of order p6, p an odd prime, are classified in 43 isoclinism families by R. James [15],
which are denoted by Φk for 1 ≤ k ≤ 43. The concept of isoclinism was introduced by P. Hall
[10]. That Autc(G), for a non-abelian finite group G, is independent (upto isomorphism) of the
choice of a group in a given isoclinism family is shown in [31, Theorem 4.1]. This result allows
us to select and work with any group from each of 43 isoclinism families of groups of order p6.
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The following is the main result of this paper, which classifies rigid groups of order p6, p being
an odd prime, and size of |X(G)| = |Outc(G)| is computed for the groups G which are not rigid.
Theorem A. Let G be a group of order p6 for an odd prime p. Then Outc(G) 6= 1 if and only
if G belongs to one of the isoclinism families Φk for k = 7, 10, 13, 15, 18, 20, 21, 24, 30, 36, 38, 39.
Moreover,
(1) if G belongs to one of the isoclinism families Φk for k = 7, 10, 24, 30, 36, 38, 39, then
|Outc(G)| = p,
(2) if G belongs to one of the isoclinism families Φk for k = 13, 18, 20, then |Outc(G)| =
p2, and
(3) if G belongs to one of the isoclinism families Φk for k = 15, 21, then |Outc(G)| = p
4.
Proof of Theorem A follows from Theorem 3.8 and Theorem 4.9. Using GAP [9] it can
be verified that the above question has an affirmative answer for groups of order 26 and 36
(Bogomolov multiplier of groups of order 26 is also computed in [6]). With this information
and results of Chen and Ma [5, Theorem 1.4], Theorem A provides an affirmative answer of the
above mentioned question of Kang and Kunyavski˘ı for groups of order p6 for all primes p in the
following result.
Theorem B. Let G be a X-rigid group of order p6 for a prime p. Then its Bogomolov multiplier
B0(G) is zero.
Theorem A is also interesting from other point of view. In 1911 W. Burnside [3] asked the
following question: Does there exist any finite group G such that G has a non-inner class-
preserving automorphism? In 1913, he himself answered this question affirmatively by con-
structing a group W of order p6, p an odd prime [4]. This group W is of nipotency class 2
such that |Autc(W )| = p
8 and |Outc(W )| = p
4. More groups with non-inner class-preserving
automorphism were constructed in [2, 11, 13, 21, 28]. We refer the reader to [30] for a more
comprehensive survey on the topic. So Theorem A above classifies all groups of order p6, p an
odd prime, having non-inner class-preserving automorphisms.
We use the following notations. For a multiplicatively written group G let x, y, a ∈ G. Then
[x, y] denotes the commutator x−1y−1xy and xa denotes the conjugate of x by a i.e. a−1xa.
By 〈x〉 we denote the cyclic subgroup of G generated by x. By Z(G) and Z2(G) we denote the
center and the second center of G respectively. For x ∈ G, CG(x) denotes the centralizer of x
in G. By CG(H) we denote the centralizer of H in G, where H is a subgroup of G. We write
γ2(G) for the commutator subgroup of G. The group of all homomorphisms from a group H to
an abelian group K is denoted by Hom(H,K). For x ∈ G, xG denotes the G-conjugacy class
of x and [x,G] denotes the set of all [x, y], for y ∈ G. By Cp we denote the cyclic group of order
p. The subgroup generated by all elements of order p in Z(G) is denoted by Ω1(Z(G)).
2. Preliminaries
The following commutator identities are easy to prove.
Lemma 2.1. Let G be a group and x, y, z ∈ G. Then
(1) [xy, z] = [x, z]y[y, z], and
(2) [z, xy] = [z, y][z, x]y.
An automorphism of a group G is called central if it acts trivially on the central quotient
group G/Z(G), or equivalently, if it commutes with all the inner automorphisms of G. The set
of all central automorphisms of G forms a normal subgroup of Aut(G). We denote this subgroup
by Autcent(G). The following lemma follows from [1].
Lemma 2.2. Let G be a purely non-abelian finite p-group. Then |Autcent(G)| = |Hom(G/γ2(G),
Z(G))|.
ON X-RIGIDITY OF GROUPS OF ORDER p6 3
Lemma 2.3 ([31], Lemma 2.2). Let G be a finite p-group such that Z(G) ≤ [x,G] for all
x ∈ G− γ2(G). Then |Autc(G)| ≥ |Autcent(G)||G/Z2(G)|.
Lemma 2.4 ([13], Proposition 14.4). Let G be a finite group and H be an abelian normal
subgroup of G such that G/H is cyclic. Then Outc(G) = 1.
Lemma 2.5 ([26], Lemma 5). For a group G, CAutc(G)(Inn(G)) = Z(Autc(G)).
Lemma 2.6 ([31], Lemma 2.6). Let G be a finite group. Let x1, x2, . . . , xd be a minimal gener-
ating set for G. Then |Autc(G)| ≤
d∏
i=1
|xi
G|.
Lemma 2.7. Let G be a purely non-abelian p-group, minimally generated by α1, α2, . . . , αt.
Suppose that G/γ2(G) is elementary abelian. If βi ∈ Ω1(Z(G)) for i = 1, . . . , t, then the map
δ : {α1, α2, . . . , αt} → G, defined as δ(αi) = αiβi, extends to a central automorphism of G.
Proof. Note that the map fδ : {αiγ2(G)| i = 1, . . . , t} → Ω1(Z(G)) defined as αiγ2(G) → βi for
i = 1, . . . , t, extends to a homomorphism from G/γ2(G) to Z(G) because G/γ2(G) is elementary
abelian. Now it follows from [1, Theorem 1] that the map g → gfδ(g) for all g ∈ G is a central
automorphism of G. This proves the lemma. 
Let G be a group minimally generated by α1, α2, . . . , αt. Then note that any element of G
can be written as ηαk11 α
k2
2 · · ·α
kt
t for some η ∈ γ2(G) and some k1, k2, . . . , kt ∈ Z. Also note
that any conjugate of an αi can be written as αi[αi, ηα
k1
1 α
k2
2 · · ·α
kt
t ] for some η ∈ γ2(G) and
some k1, k2, . . . , kt ∈ Z. It follows that an automorphism δ of G is class-preserving if and only
if for every k1, k2, . . . , kt ∈ Z and for all η1 ∈ γ2(G), there exist l1, l2, . . . , lt ∈ Z and η2 ∈ γ2(G)
(depending on k1, k2, . . . , kt and η1) such that[
η1
t∏
i=1
αkii , η2
t∏
i=1
αlii
]
=
(
η1
t∏
i=1
αkii
)
−1
δ
(
η1
t∏
i=1
αkii
)
.
We will be using these facts and Lemma 2.1 very frequently in the proofs without any further
reference.
3. Groups G with trivial Outc(G)
In this section, we deal with those groups G for which Outc(G) is trivial. The isoclinism
family Φk of groups of order p
6 contains a group Φk(1
6) for certain values of k. These groups
will be considered frequently throughout the paper.
Lemma 3.1. Let G be the group Φ11(1
6). Then Outc(G) = 1.
Proof. The groupG is a special p-group, minimally generated by α1, α2 and α3. The commutator
subgroup γ2(G) is generated by β1 := [α2, α3], β2 := [α3, α1], β3 := [α1, α2]. The conjugates of
α1, α2 and α3 are α1β
t
3β
s
2, α2β
t
3β
r
1 and α3β
s
2β
r
1 respectively, where r, s and t vary over Z. Since
the exponent of γ2(G) is p, it follows that |α
G
i | = p
2 for i = 1, 2, 3. Therefore by Lemma 2.6,
|Autc(G)| ≤ p
6. Define a map δ : {α1, α2, α3} → G such that α1 7→ α1β
t1
3 β
s1
2 , α2 7→ α2β
t2
3 β
r2
1
and α3 7→ α3β
s3
2 β
r3
1 , for some s1, t1, r2, t2, r3, s3 ∈ Z. By Lemma 2.7, this map extends to a
central automorphism of G. Since δ fixes γ2(G) element-wise, for k1, l1,m1 ∈ Z and η ∈ γ2(G),
δ(ηαk11 α
l1
2 α
m1
3 ) = ηα
k1
1 α
l1
2 α
m1
3 β
l1r2+m1r3
1 β
k1s1+m1s3
2 β
k1t1+l1t2
3 .
Therefore δ extends to a class-preserving automorphism if and only if for every k1, l1,m1 ∈ Z,
and η1 ∈ γ2(G) there exist k2, l2,m2 (depending on k1, l1,m1) and η2 ∈ γ2(G) such that
[η1α
k1
1 α
l1
2 α
m1
3 , η2α
k2
1 α
l2
2 α
m2
3 ] = β
l1r2+m1r3
1 β
k1s1+m1s3
2 β
k1t1+l1t2
3 .
Expanding the left hand side, we get
βl1m2−l2m11 β
k2m1−k1m2
2 β
k1l2−k2l1
3 = β
l1r2+m1r3
1 β
k1s1+m1s3
2 β
k1t1+l1t2
3 .
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Comparing the powers of βi’s, we have that δ extends to a class-preserving automorphism if and
only if the following equations hold true:
l1m2 − l2m1 ≡ l1r2 +m1r3 (mod p)
k2m1 − k1m2 ≡ k1s1 +m1s3 (mod p)
k1l2 − k2l1 ≡ k1t1 + l1t2 (mod p).
Let δ be a class-preserving automorphism. Choose k1 = 0 and m1, l1 to be non-zero modulo
p. Then k2m1 ≡ m1s3 (mod p) and −k2l1 ≡ l1t2 (mod p). It follows that t2 ≡ −s3 (mod p).
Similarly if we choose l1 to be zero and k1,m1 to be non-zero modulo p, then r3 ≡ −t1 (mod p),
and if m1 to be zero and l1, k1 to be non-zero modulo p, then r2 ≡ −s1 (mod p). It follows that
|Autc(G)| ≤ p
3 = |Inn(G)|. Therefore Outc(G) = 1. 
Lemma 3.2. Let G be one of the groups Φ17(1
6) and Φ19(1
6). Then Outc(G) = 1.
Proof. First assume that G is the group Φ17(1
6). Then G is a p-group of nilpotency class 3,
minimally generated by α, α1 and β. The commutator subgroup γ2(G) is abelian and generated
by α2 := [α1, α], α3 := [α2, α] and γ := [β, α1]. The center Z(G) is of order p
2, generated by α3
and γ. It is easy to see that |αG1 | ≤ p
2, |αG| ≤ p2 and |βG| = p. Therefore, applying Lemma
2.6, we have |Autc(G)| ≤ p
5. Define a map δ : {α, α1, β} → G such that α 7→ α, α1 7→ α1 and
β 7→ α−11 βα1 = βγ. Suppose that |Autc(G)| = p
5. Then δ must extend to a class-preserving
automorphism of G. Hence there exist η1(= α
r1
2 α
s1
3 γ
t1 say) ∈ γ2(G) and k1, l1,m1 ∈ Z such
that [αβ, η1α
k1αl11 β
m1 ] = γ. It is a routine calculation to show that
[αβ, η1α
k1αl11 β
m1 ] = α−l12 α
−r1
3 γ
l1 ,
which can not be equal to γ for any value of l1 and r1. Hence δ can not be a class-preserving
automorphism, and hence |Autc(G)| ≤ p
4. But |Inn(G)| = p4, so we have Autc(G) = Inn(G).
Now we take G to be Φ19(1
6). Then G is a p-group of class 3, minimally generated by α, α1
and α2. Define a map δ : {α, α1, α2} → G such that α 7→ α
−1
1 αα1(= αβ1), α1 7→ α1 and
α2 7→ α2. Now the proof follows on the same lines as for the group Φ17(1
6). 
Lemma 3.3. Let G be the group Φ23(1
6). Then Outc(G) = 1.
Proof. The group G is a p-group of class 4, minimally generated by α, α1. The commutator
subgroup γ2(G) is abelian and generated by αi+1 := [αi, α] for 1 ≤ i ≤ 3 and γ := [α1, α2].
The center Z(G) is of order p2, generated by α4 and γ. It is easy to check that |α
G| ≤ p3
and |αG1 | ≤ p
2. Therefore |Autc(G| ≤ p
5. Let H = 〈α4〉. Since α4 ∈ Z(G), H is normal.
Consider the quotient group G/H . One can check that the group G/H belongs to the family
Φ6. Therefore it follows from [31, Lemma 5.3] that Autc(G/H) = Inn(G/H). Now define a map
δ : {α, α1} → G, such that δ(α) = α and δ(α1) = α
−1
2 α1α2 = α1γ. Suppose that |Autc(G| = p
5.
Then δ must extend to a class-preserving automorphism of G. It also induces a non-trivial
class-preserving automorphism (say δ¯) of G/H . But then δ¯ is an inner automorphism of G/H
because Autc(G/H) = Inn(G/H). Now note that δ¯ is also a central automorphism of G/H . It
follows that it is induced by some element in Z2(G/H) = 〈α2H,Z(G/H)〉. Let δ¯ be induced by
αt2H for some t ∈ Z. Hence
δ¯(αH) = (αt2H)
−1αH(αt2H) = αα
−t
3 H.
This must be equal to αH . But then t = 0 (mod p) and hence δ¯(α1H) = α1H , a contradiction.
Therefore we have |Autc(G)| ≤ p
4. But |Inn(G)| = p4, therefore Outc(G) = 1. 
Lemma 3.4. Let G be the group Φ27(1
6). Then Outc(G) = 1.
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Proof. The group G is a p-group of class 4, minimally generated by α, α1, β. The commutator
subgroup γ2(G) is abelian and generated by αi+1 := [αi, α] for 1 ≤ i ≤ 2 and α4 := [α3, α] =
[α1, β] = [α1, α2]. The center Z(G) is of order p, generated by α4. It is easy to check that
|αG| ≤ p3, |αG1 | ≤ p
2 and |βG| = p. Therefore |Autc(G)| ≤ p
6. Define δ : {α, α1, β} → G
such that δ(α) = α, δ(α1) = α1 and δ(β) = α1βα
−1
1 = βα4. Suppose that |Autc(G)| = p
6.
Then δ extends to a class-preserving automorphism of G. Also note that δ fixes α2, therefore
δ(α2β
−1) = α2β
−1α−14 . Since δ is a class-preserving automorphism, there exist some g ∈ G
such that [α2β
−1, g] = α−14 . Note that CG(α2β
−1) = 〈α1, α2, α3, α4, β〉. Therefore without loss
of generality we can assume that g = αk1 . It can be calculated that
[α2β
−1, αk1 ] = αk13 α
k1(k1−1)/2
4 ,
which, for any value of k1, can never be equal to α
−1
4 . Hence, we get a contradiction. Therefore
|Autc(G)| ≤ p
5. But |Inn(G)| = p5, therefore Outc(G) = 1. 
Lemma 3.5. Let G ∈ {Φ28(222),Φ29(222)}. Then |Outc(G)| = 1.
Proof. The group G is a p-group of class 4, minimally generated by α and α1. The commutator
subgroup γ2(G) is abelian and generated by αi+1 := [αi, α] for 1 ≤ i ≤ 2 and α4 := [α3, α] =
[α1, α2]. The center Z(G) is of order p, generated by α4. Note that 〈α, α4〉 ≤ CG(α) and hence
|CG(α)| ≥ p
3, therefore |αG| ≤ p3. Now note that, since α
(p)
2 = α
y
4 , we have for p = 3, α
p
2 = α
y−1
4 ,
and for p > 3, αp2 = α
y
4 . Following is a routine calculation.
[α1, α
p] = αp2α
p(p−1)/2
3 α
p−2∑
n=1
n(n−1)/2
4 = α
p
2α
(p−2)(p−1)p/3
4 ,
which, for p = 3, equals αy+14 , and for p > 3, equals α
y
4 . But we have [α1, α
t
2] = α
t
4, therefore
αy+12 α
−p ∈ CG(α1) for p = 3 and α
y
2α
−p ∈ CG(α1) for p > 3. Now it is easy to see that
|CG(α1)| ≥ p
4. Hence |αG1 | ≤ p
2. It follows from Lemma 2.6 that |Autc(G)| ≤ p
5. But
|G/Z(G)| = p5, therefore Outc(G) = 1. 
Lemma 3.6. Let G ∈ {Φk(1
6),Φ34(321)a | k = 31, . . . , 33}. Then Outc(G) = 1.
Proof. The group G is a p-group of class 3, minimally generated by α, α1 and α2. The com-
mutator subgroup γ2(G) is abelian and generated by βi := [αi, α] for i = 1, 2 and γ := [α1, β1].
For k = 31, 32, [α2, β2] = γ
y, and for k = 33 and Φ34(321)a, γ = [β2, α]. The center Z(G)
is of order p, generated by γ. It is easy to see that, if G ∈ {Φk(1
6)| k = 31, 32}, then
|αG1 | ≤ p
2, |αG2 | ≤ p
2, |αG| ≤ p2, and if G ∈ {Φ33(1
6),Φ34(321)a}, then |α
G
1 | ≤ p
2, |αG2 | = p and
|αG| ≤ p3. Therefore for all the four groupsG, |Autc(G)| ≤ p
6. Define a map δ : {α, α1, α2} → G
such that α 7→ α, α1 7→ α1 and α2 7→ α
−1α2α = α2β2. Suppose that |Autc(G)| = p
6. Then δ
must extend to a class-preserving automorphism of G. Hence there exist elements η1 ∈ γ2(G)
and k1, l1,m1 ∈ Z such that [α1α2, η1α
k1αl11 α
m1
2 ] = β2, but it is a routine calculation that
[α1α2, η1α
k1αl11 α
m1
2 ] = β
k1
1 β
k1
2 γ
a
for some a ∈ Z. Clearly it can not be equal to β2 for any value of k1, l1,m1, r1 and s1. Thus
δ is not a class-preserving automorphism, and therefore it follows that |Autc(G)| ≤ p
5. But
|Inn(G)| = p5. Hence Autc(G) = Inn(G) proving that Outc(G) = 1. 
Lemma 3.7. Let G ∈ {Φk(1
6),Φj(222)a0 | k = 40, 41, j = 42, 43}. Then Outc(G) = 1.
Proof. The group G is a p-group of class 4, minimally generated by α1 and α2. The commutator
subgroup γ2(G) is abelian and generated by β := [α1, α2], βi := [β, αi] for i = 1, 2 and γ,
where, for k = 40, γ := [β1, α2] = [β2, α1], for k = 41, γ
−ν := [α2, β2] = [α1, β1]
−ν , for
j = 42, γ := [α1, β2] = [α2, β1] and for j = 43, γ
−ν := [α2, β2] = [α1, β1]
−ν . The center
Z(G) is of order p, generated by γ. It is easy to see that |αG1 | ≤ p
3 and |αG2 | ≤ p
3. Therefore
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|Autc(G)| ≤ p
6. Define a map δ : {α1, α2} → G such that α1 7→ α1 and α2 7→ α2β2. Suppose
that |Autc(G)| = p
6. Then δ must extend to a class-preserving automorphism of G. Hence there
exist η1(= β
r1βs11 β
t1
2 γ
u1 say) ∈ γ2(G) and k1, l1 ∈ Z such that [α1α2, η1α
k1
1 α
l1
2 ] = β2. It is a
routine calculation to show that,
[α1α2, η1α
k1
1 α
l1
2 ] = β
l1−k1β
−k1(k1−1)/2−r1
1 β
l1(l1+1)/2−k1l1−r1
2 γ
a
for some a ∈ Z. It is easy to see that if powers of β and β1 in the above expression are 0
modulo p, then the power of β2 is also 0 modulo p. It follows that δ is not a class-preserving
automorphism, and therefore |Autc(G)| ≤ p
5. But |Inn(G)| = p5, therefore Outc(G) = 1. 
We are now ready to prove the following theorem.
Theorem 3.8. Let G be a group of order p6 which belongs to one of the isoclinism family
Φk for k = 2, . . . , 6, 8, 9, 11, 12, 14, 16, 17, 19, 23, 25, . . . , 29, 31, . . . , 35, 37, 40, . . . , 43, [15, Section
4.6]. Then Outc(G) = 1.
In the following proof, Φk(1
5) is the group of order p5 from the isoclinism family (k) of [15,
Section 4.5] and Φ8(32) is the group of order p
5 from the isoclinism family (8) of [15, Section 4.5].
Proof. Note that Autc(H × K) ∼= Autc(H) × Autc(K), for any two groups H and K. Let
G ∈ {Φk(1
6), Φ8(321)a, | k = 2, . . . , 6, 9}, then, since Φk(1
6) = Φk(1
5)× Cp and Φ8(321)a =
Φ8(32)× Cp, it follows from [31, Theorem 5.5] that Outc(G) = 1. Since the group Φ12(1
6) is a
direct product of groups of order p3, Outc(Φ12(1
6)) = 1. The group Φ14(1
6) is of nilpotency class
2 and γ2(Φ14(1
6)) is cyclic, therefore from [31, Corollary 3.6], we have Outc(Φ14(1
6)) = 1. Note
that if G ∈ {Φ16(1
6),Φk(222) | k = 25, 26}, then G is abelian by cyclic. Hence by Lemma 2.4
Outc(G) = 1. IfG ∈ {Φk(1
6) | k = 22, 35, 37}, then by Lemma 2.6 it follows that |Autc(G)| ≤ p
5.
Since |Inn(G)| = p5, Outc(G) = 1. This, along with lemmas 3.1 - 3.7, completes the proof of
Theorem 3.8. 
4. Groups G with non-trivial Outc(G)
In this section we deal with those groups for which there exist a non-inner class-preserving
automorphism.
Lemma 4.1. Let G be the group Φ24(1
6). Then |Outc(G)| = p.
Proof. The groupG is a p-group of class 4, minimally generated by α, α1 and β. The commutator
subgroup γ2(G) is abelian and generated by αi+1 := [αi, α] for i = 1, 2 and α4 := [α3, α] =
[α1, β]. The center Z(G) is of order p, generated by α4. We will show that for every element
g ∈ G− γ2(G), Z(G) ≤ [g,G]. Let g = η1α
k1αl11 β
m1 . Then
[g, βl2 ] = [η1α
k1αl11 β
m1 , βl2 ] = αl1l24 .
Therefore, if l1 is non-zero modulo p, we have Z(G) ≤ [g,G]. Let l1 ≡ 0 (mod p). Then, since
αp1 ∈ γ2(G),
[g, αk23 ] = [η1α
k1αl11 β
m1 , αk23 ] = α
k1k2
4 .
Therefore, if k1 is non-zero modulo p, Z(G) ≤ [g,G]. Now let k1 ≡ 0 (mod p). Then
[g, αm21 ] = [η1β
m1 , αm21 ] = α
−m1m2
4 .
Therefore, if m1 is non-zero modulo p, Z(G) ≤ [g,G]. It follows that for every g ∈ G −
γ2(G), Z(G) ≤ [g,G]. Hence by lemmas 2.2 and 2.3 we have,
|Autc(G)| ≥ |Autcent(G)||G|/|Z2(G)| = p
3p6/p3 = p6.
But, |αG| ≤ p3, |αG1 | ≤ p
2 and |βG| = p. Therefore we have |Autc(G)| ≤ p
6. Hence |Autc(G)| =
p6. Since |G/Z(G)| = p5, it follows that |Outc(G)| = p. 
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Lemma 4.2. Let G be the group Φ30(1
6). Then |Outc(G)| = p.
Proof. The groupG is a p-group of class 4, minimally generated by α, α1 and β. The commutator
subgroup γ2(G) is abelian and generated by α2 := [α1, α], α3 := [α2, α] = [α1, β] and α4 :=
[α3, α] = [α2, β]. The center Z(G) is of order p, generated by α4. It is easy to see that
|αG| ≤ p3, |αG1 | ≤ p
2, and |βG| ≤ p2. Therefore |Autc(G)| ≤ p
7. Define a map δ : {α, α1, β} → G
such that α 7→ αα4, α1 7→ α1 and β 7→ βα4. By Lemma 2.7, the map δ extends to a central
automorphism of G. We will show that δ is also a non-inner class-preserving automorphism.
Let g = η1α
k1αl11 β
m1 . Then
[g, αk23 ] = [η1α
k1αl11 β
m1 , αk23 ] = α
k1k2
4 .
Therefore, if k1 is non-zero modulo p, we have Z(G) ≤ [g,G]. Hence δ maps g to a conjugate of
g. Now let k1 ≡ 0 (mod p), then
[g, αm22 ] = [η1α
l1
1 β
m1 , αm22 ] = α
−m1m2
4 .
It follows that, ifm1 is non-zero modulo p, δ maps g to a conjugate of g. Now letm1 ≡ 0 (mod p).
But then, δ(η1α
l1
1 ) = η1α
l1
1 , because being a central automorphism δ fixes γ2(G) element-wise.
We have shown that for every g ∈ G, δ(g) is a conjugate of g. Therefore δ is a class-preserving
automorphism. Now suppose δ is an inner automorphism. Then being central, δ is induced by
some element in Z2(G) = 〈α3, α4〉. Since α4 ∈ Z(G), we can assume that δ is induced by α
t
3.
But then δ(β) = β, a contradiction. Therefore δ is non-inner class-preserving automorphism.
Since |Inn(G)| = p5, it follows that |Autc(G)| ≥ p
6. Now define a map σ : {α, α1, β} → G such
that α 7→ α−11 αα1 = αα
−1
2 , α1 7→ α1 and β 7→ β. Suppose |Autc(G)| = p
7. Then σ extends
to a class preserving automorphism. But then, 1 = δ([α, β]) = [αα−12 , β] = α
−1
4 which is not
possible. Therefore, we have |Autc(G)| = p
6. Since |G/Z(G)| = p5, we have |Outc(G)| = p. 
Lemma 4.3. Let G be the group Φ36(1
6). Then |Outc(G)| = p.
Proof. The group G is a p-group of maximal class, minimally generated by α and α1. The
commutator subgroup γ2(G) is abelian and generated by αi+1 := [αi, α] for i = 1, 2, 3 and
α5 := [α4, α] = [α1, α2]. The center Z(G) is of order p, generated by α5. We will show that for
every element g ∈ G− γ2(G), Z(G) ≤ [g,G]. Let g = η1α
k1αl11 . Then
[g, αk24 ] = [η1α
k1αl11 , α
k2
4 ] = α
−k1k2
4 .
Therefore, if k1 is non-zero modulo p, we have Z(G) ≤ [g,G]. Let k1 ≡ 0 (mod p). Then
[g, αl22 ] = [η1α
l1
1 , α
l2
2 ] = α
l1l2
5 .
Therefore, if l1 is non-zero modulo p, Z(G) ≤ [g,G]. Let l1 ≡ 0 (mod p), then we have g ∈ γ2(G)
because αp1 ∈ γ2(G). It follows that, for every g ∈ G−γ2(G), Z(G) ≤ [g,G]. Hence from lemmas
2.2 and 2.3 we get
|Autc(G)| ≥ |Autcent(G)||G|/|Z2(G)| = p
2p6/p2 = p6.
But it is easy to see that |αG| ≤ p4 and |αG1 | ≤ p
2. Therefore |Autc(G)| ≤ p
6. Hence |Autc(G)| =
p6. Since |G/Z(G)| = p5, we have |Outc(G)| = p. 
Lemma 4.4. Let G be the group Φ38(1
6). Then |Outc(G)| = p.
Proof. The group G is a p-group of maximal class, minimally generated by α, α1. The com-
mutator subgroup γ2(G) is abelian and generated by αi+1 := [αi, α] for i = 1, 2, 3 and α5 :=
[α4, α] = [α1, α3]. Also [α1, α2] = α4α
−1
5 . The center Z(G) is generated by α5. We show that
for every element g ∈ G− γ2(G), Z(G) ≤ [g,G]. Let g = η1α
k1αl11 . Then
[g, αk24 ] = [η1α
k1αl11 , α
k2
4 ] = α
−k1k2
5 .
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Therefore, if k1 is non-zero modulo p, Z(G) ≤ [g,G]. Hence, let k1 ≡ 0 (mod p). Then
[g, αl23 ] = [η1α
l1
1 , α
l2
3 ] = α
l1l2
5 .
Therefore, if l1 is non-zero modulo p, we have Z(G) ≤ [g,G]. If l1 ≡ 0 (mod p), then we have
g ∈ γ2(G) because α
p
1 ∈ γ2(G). It follows that, for every g ∈ G − γ2(G), Z(G) ≤ [g,G].
Therefore applying lemmas 2.2 and 2.3 we get
|Autc(G)| ≥ |Autcent(G)||G|/|Z2(G)| = p
2p6/p2 = p6.
It is easy to check that |αG| ≤ p4 and |αG1 | ≤ p
3. Hence the upper bound for |Autc(G)| is
p7. Suppose that |Autc(G)| = p
7. Then the map δ defined on the generating set {α, α1} as
δ(α) = α and δ(α1) = α
−1
2 α1α2 = α1α4α
−1
5 must extend to a class-preserving automorphism
automorphism of G. Note that
δ(α2) = δ([α1, α]) = [α1α4α
−1
5 , α] = α2α5.
Since δ is a class-preserving automorphism, there exists an η1 ∈ γ2(G) and k1, l1 ∈ Z such that
[α2, η1α
k1αl11 ] = α5.
We have that
[α2, η1α
k1αl11 ] = α
k1
3 α
k1(k1−1)/2−l1
4 α
l1−k1l1+
k1−2∑
n=1
n(n−1)/2
5 ,
which for no values of k and k1 can be equal to α5. This gives a contradiction. Hence |Autc(G)| =
p6. Since |G/Z(G)| = p5, we have |Outc(G)| = p. 
Lemma 4.5. Let G be the group Φ39(1
6). Then |Outc(G)| = p.
Proof. The group G is a p-group of maximal class, minimally generated by α, α1. The commu-
tator subgroup γ2(G) is generated by αi+1 := [αi, α] for i = 1, 2, α4 := [α3, α] = [α1, α2], and
α5 := [α2, α3] = [α3, α1] = [α4, α1]. Note that any element of γ2(G) can be written as α
r
2α
s
3α
t
4α
u
5
for some r, s, t, u ∈ Z. The center Z(G) is generated by α5. It is easy to see that |α
G| ≤ p3
and |αG1 | ≤ p
3. Therefore |Autc(G)| ≤ p
6. Define a map δ : {α, α1} → G such that α 7→ α,
and α1 7→ α
−1
2 α1α2 = α1α4. We will show that δ extends to a class preserving automorphism
of G. It is easy to check that δ preserves all the defining relations of the group. Hence δ ex-
tends to an endomorphism. Note that δ fixes γ2(G) element-wise, therefore for k1, l1 ∈ Z and
η1 = α
r1
2 α
s1
3 α
t1
4 α
u1
5 ∈ γ2(G),
δ(η1α
k1αl11 ) = η1α
k1αl11 α
l1
4 α
l1(l1−1)/2
5 .
It is a routine calculation that
[η1α
k1αl11 , α
s2
3 α
t2
4 ] = α
r1s2−l1s2−l1t2−l1k1s2
5 α
−k1s2
4 .
Since δ(η1α
k1) = η1α
k1 , which is obviously a conjugate of η1α
k1 , let l1 be non-zero modulo p.
Now if k1 is non-zero modulo p, then clearly there exist s2 and t2 such that
−k1s2 ≡ l1 (mod p)
and
r1s2 − l1s2 − l1t2 − l1k1s2 ≡ l1(l1 − 1)/2 (mod p).
Suppose k1 ≡ 0 (mod p), then it can be calculated that
[η1α
l1
1 , α
r2
2 α
t2
4 ] = α
−s1r2+r2l1(l1−1)/2−l1t2
5 α
l1r2
4 .
Since l1 is non-zero modulo p, clearly there exist r2 and t2 such that
l1r2 ≡ l1 (mod p)
and
−s1r2 + r2l1(l1 − 1)/2− l1t2 ≡ l1(l1 − 1)/2 (mod p).
It follows that δ maps every element of G to a conjugate of itself. Therefore δ is a bijection, and
hence a class-preserving automorphism of G. Now we show that δ is a non-inner automorphism.
ON X-RIGIDITY OF GROUPS OF ORDER p6 9
On the contrary, suppose that δ is an inner automorphism. Note that g−1δ(g) ∈ Z2(G). Thus it
follows that δ is induced by some element in Z3(G) = 〈α3, α4, Z(G)〉, where Z3(G) denotes the
third term in the upper central series of G. Let it be induced by αs13 α
t1
4 . Since δ(α) = α, we have
α−s13 αα
s1
3 = α, which implies that s1 ≡ 0 (mod p). But then δ(α1) = α
−t1
4 α1α
t1
4 = α1α
−t1
5 , a
contradiction. Therefore δ is a non-inner class preserving automorphism. Since |Inn(G)| = p5,
we have |AutcG)| = p
6, and therefore |Outc(G)| = p. 
Lemma 4.6. Let G be the group Φ13(1
6). Then |Outc(G)| = p
2.
Proof. The groupG is a special p-group, minimally generated by α1, α2, α3 and α4. The commu-
tator subgroup γ2(G) is generated by β1 := [α1, α2] and β2 := [α1, α3] = [α2, α4]. The conjugates
of α1, α2, α3 and α4 are , α1β
r
1β
s
2 , α2β
r
1β
s
2, α3β
s
2 and α4β
s
2 respectively where r and s varies over
Z. Since the exponent of γ2(G) is p, it follows that |α
G
1 | = |α
G
2 | = p
2 and |αG3 | = |α
G
4 | = p.
Therefore by Lemma 2.6, |Autc(G)| ≤ p
6.
Define a map δ : {α1, α2, α3, α4} → G such that α1 7→ α1β
r1
1 β
s1
2 , α2 7→ α2β
r2
1 β
s2
2 , α3 7→ α3β
s3
2
and α4 7→ α4β
s4
2 , for some r1, s1, r2, s2, s3, s4 ∈ Z. By Lemma 2.7 this map extends to a central
automorphism of G. Since δ fixes γ2(G) element-wise, for k1, l1,m1, n1 ∈ Z and η1 ∈ γ2(G),
δ(η1α
k1
1 α
l1
2 α
m1
3 α
n1
4 ) = ηα
k1
1 α
l1
2 α
m1
3 α
n1
4 β
k1r1+l1r2
1 β
k1s1+l1s2+m1s3+n1s4
2 .
Therefore δ extends to a class-preserving automorphism if and only if for every k1, l1,m1, n1 ∈ Z,
and η1 ∈ γ2(G), there exist k2, l2,m2, n2 (depending on k1, l1,m1, n1) and η2 ∈ γ2(G) such that
[η1α
k1
1 α
l1
2 α
m1
3 α
n1
4 , η2α
k2
1 α
l2
2 α
m2
3 α
n2
4 ] = β
k1r1+l1r2
1 β
k1s1+l1s2+m1s3+n1s4
2 .
Expanding the left hand side, we get
βk1l2−k2l11 β
k1m2−k2m1+l1n2−l2n1
2 = β
k1r1+l1r2
1 β
k1s1+l1s2+m1s3+n1s4
2 .
Comparing the powers of βi’s, we see that δ extends to a class-preserving automorphism if the
following equations hold:
k1l2 − k2l1 ≡ k1r1 + l1r2 (mod p),
k1m2 − k2m1 + l1n2 − l2n1 ≡ k1s1 + l1s2 +m1s3 + n1s4 (mod p).
It is easy to see that for any given k1, l1,m1, n1 there exist k2, l2,m2, n2 such that the above two
equations are satisfied. Thus it follows that |Autc(G)| = p
6. Since |G/Z(G)| = p4, |Outc(G)| =
p2. 
Lemma 4.7. Let G be the group Φ18(1
6). Then |Outc(G)| = p
2.
Proof. The group G is a p-group of class 3, minimally generated by α, α1, β. The commutator
subgroup γ2(G) is abelian and generated by α2 := [α1, α], α3 := [α2, α] = [α1, β] and γ := [α, β].
The center Z(G) is of order p2, generated by α3 and γ. Note that |α
G| ≤ p3, |αG1 | ≤ p
2 and
|βG| ≤ p2. It follows from Lemma 2.6 that |Autc(G)| ≤ p
7. Now define a map δ : {α, α1, β} → G
such that α 7→ ααr13 γ
s1 , α1 7→ α1α
r2
3 and β 7→ βα
r3
3 for some r1, s1, r2, r3 ∈ Z. By Lemma 2.7
this map extends to a central automorphism of G. Let g = η1α
k1αl11 β
m1 , where η1 ∈ γ2(G) and
k1, l1,m1 ∈ Z. Let k1 ≡ 0 (mod p). Then note that δ(g) = gα
r
3 for some r ∈ Z and
[g, βl2 ] = [η1α
l1
1 β
m1 , βl2 ] = αl1l23 .
Therefore if l1 is non-zero modulo p, we have 〈α3〉 ≤ [g,G]. Let l1 ≡ 0 (mod p). Note that
αp1 ∈ Z(G), hence
[g, αm21 ] = [η1β
m1 , αm21 ] = α
−m1m2
3 .
Therefore if m1 is non-zero modulo p, we have 〈α3〉 ≤ [g,G]. Thus we have shown that, if k1 ≡ 0
(mod p), then g−1δ(g) ∈ [g,G]. It follows that, if k1 ≡ 0 (mod p), δ maps g to a conjugate of g.
Now suppose k1 is non-zero modulo p. Then
[g, αk22 ] = [η1α
k1αl11 β
m1 , αk22 ] = α
−k1k2
3 ,
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so that 〈α3〉 ≤ [g, Z2(G)]. Also, we have
[g, βn2 ] = [η1α
k1αl11 β
m1 , βn2 ] = αl1n23 γ
k1n2 .
Since β ∈ Z2(G) and [g, Z2(G)] is a subgroup, it follows that Z(G) ≤ [g,G]. Because δ is a central
automorphism, we have g−1δ(g) ∈ [g,G]. We have shown that, for every g ∈ G, g−1δ(g) ∈ [g,G].
It follows that δ is a class-preserving automorphism. Since r1, s1, r2, r3 were arbitrary, we have
that |Autc(G) ∩ Autcent(G)| ≥ p
4. Applying Lemma 2.5 we get |Z(Autc(G))| ≥ p
4. Note that
Autc(G) is non-abelian because G is a group of class 3. Therefore |Autc(G)| ≥ p
6. Now suppose
that |Autc(G)| = p
7. Then the map σ defined on the generating set {α, α1, β} as α 7→ α, α1 7→ α1
and β 7→ αβα−1 = βγ extends to a class-preserving automorphism. Hence there exist η2 ∈ γ2(G)
and k2, l2,m2 ∈ Z such that [α1β, η2α
k2αl21 β
m2 ] = γ, but by a routine calculation it can be
checked that
[α1β, η2α
k2αl21 β
m2 ] = αk22 βα
m2−l2+k2(k2−1)/2
3 γ
−k2 ,
which can not be equal to γ for any values of k2, l2 and m2. Therefore we get a contradiction
and it follows that |Autc(G)| = p
6. Hence |Outc(G)| = p
2 as |Inn(G)| = p4. 
Lemma 4.8. Let G be the group Φ20(1
6). Then |Outc(G)| = p
2.
Proof. The group G is a p-group of class 3, minimally generated by α, α1, α2. The commutator
subgroup γ2(G) is abelian and generated by β := [α1, α2], β1 := [β, α1] and β2 := [β, α2] =
[α, α1]. The center Z(G) is of order p
2, generated by β1 and β2. Note that |α
G| = p, |αG1 | ≤ p
3
and |αG2 | ≤ p
2. It follows from Lemma 2.6 that |Autc(G)| ≤ p
6. Now define a map δ :
{α, α1, α2} → G such that α 7→ αβ
t1
2 , α1 7→ α1β
s2
1 β
t2
2 and α2 7→ α2β
t3
2 for some t1, s2, t2, t3 ∈ Z.
By Lemma 2.7 this map extends to a central automorphism of G. Let g = η1α
k1αl11 α
m1
2 , where
η1 = β
u1βv11 β
w1
2 and k1, l1,m1, u1, v1, w1 ∈ Z. Note that, if l1 ≡ 0 (mod p), then δ(g) = gβ
r
2 for
some r ∈ Z. Consider
[g, βm2 ] = [η1α
k1αm12 , β
m2 ] = β−m1m22 .
Therefore if m1 is non-zero modulo p, we have 〈β2〉 ≤ [g,G]. Let m1 ≡ 0 (mod p). Note that
αp2 ∈ Z(G), hence
[g, αu22 ] = [η1α
k1 , αu22 ] = [β
u1βv11 β
w1
2 α
k1 , αu22 ] = β
u1u2
2 .
Therefore if u1 is non-zero modulo p, we have 〈β2〉 ≤ [g,G]. Let u1 ≡ 0 (mod p). Then
[g, αk21 ] = [α
k1 , αk21 ] = β
k1k2
2 ,
so that if k1 is non-zero modulo p, then 〈β〉 ≤ [g,G]. Thus we have shown that if l1 ≡ 0 (mod p),
then g−1δ(g) ∈ [g,G]. It follows that if l1 ≡ 0 (mod p), then δ maps g to a conjugate of g. Now
suppose that l1 is non-zero modulo p. Then
[g, αl2 ] = [η1α
k1αl11 α
m1
2 , α
l2 ] = β−l1l22 ,
so that 〈β2〉 ≤ [g, Z2(G)]. Also we have
[g, βn2 ] = [η1α
k1αl11 α
m1
2 , β
n2 ] = β−l1n21 β
−m1n2
2 .
Since β ∈ Z2(G) and [g, Z2(G)] is a subgroup, it follows that Z(G) ≤ [g,G]. Because δ is a central
automorphism, we have g−1δ(g) ∈ [g,G]. It follows that δ is a class-preserving automorphism
of G. Since t1, s2, t2, t3 were arbitrary, we have that |Autc(G) ∩ Autcent(G)| ≥ p
4. Applying
Lemma 2.5 we get |Z(Autc(G))| ≥ p
4. But Autc(G) is non-abelian sinceG is of class 3. Therefore
|Autc(G)| ≥ p
6. Hence |Autc(G)| = p
6. Since |G/Z(G)| = p4, we have |Outc(G)| = p
2. 
Now we are ready to prove the following result, which together with Theorem 3.8 proves
Theorem A.
Theorem 4.9. Let G be a group of order p6. Then the following hold true.
(1) If G belongs to any of the isoclinism families Φk for k = 7, 10, 24, 30, 36, 38, 39, then
|Outc(G)| = p.
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(2) If G belongs to any of the isoclinism families Φk for k = 13, 18, 20, then |Outc(G)| = p
2.
(3) If G belongs to any of the isoclinism families Φk for k = 15, 21, then |Outc(G)| = p
4.
Proof. Let G be either the group Φ7(1
6) or the group Φ10(1
6). Then, since Φ7(1
6) = Φ7(1
5)×Cp
and Φ10(1
6) = Φ10(1
5)×Cp, it follows from [31, Lemma 5.1 and Lemma 5.2] that |Outc(G)| = p.
With this observation in hands, (i) follows from lemmas 4.1-4.5. It is readily seen that (ii) follows
from lemmas 4.6-4.8. Now let G be the group Φ15(1
6). We observe that James’ list of groups
of order p6 and class 2 consists of exactly 5 isoclinism families Φk for k = 11, . . . , 15. As we
have seen above that |Autc(H)| 6= p
8 for H ∈ {Φk | 11 ≤ k ≤ 14}. But, as shown by Burnside
[4], there exists a group W of order p6 and of nilpotency class 2 such that |Autc(W )| = p
8.
Therefore G must be isoclinic to the group W and |Autc(G)| = p
8. Since |G/Z(G)| = p4, we
have |Outc(G)| = p
4. Next, it follows from [29, Proposition 5.8], that |Outc(Φ21(1
6))| = p4.
This completes the proof of the theorem. 
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